Abstract. The structure of the automorphism group of a simple TAI algebra is studied. In particular, we show that
Introduction
In recent years, the program to classify amenable, separable C * -algebra, known as the Elliott Classification program, have proved to be quite useful in other fields of mathematics. In particular, the Elliott Classification program has a played a role in finding interesting equivalence relations between two dynamical systems. The amazing result of Giordano, Putnam, and Skau [11] involving minimal Cantor systems is such an example. The Elliott Classification program helped to show that orbit equivalence (in a strong sense) between two minimal Cantor systems are characterized by their naturally associated pointed ordered groups. More precisely, Giordano, Putnam, and Skau showed that two minimal Cantor systems are orbit equivalence (in a strong sense) if and only if their associated transformation group C * -algebras are isomorphic. It was shown that for every minimal Cantor system, the associated transformation group C * -algebra is a simple AT algebra with real rank zero. Then, by Elliott's classification of AT algebras with real rank zero [6] , these transformation group C * -algebras are completely classified by their ordered K-groups together with the class of the unit, which are the naturally associated pointed ordered group of a minimal Cantor system.
One of the goal of this paper is to show that the Elliott Classification program can be used to study the structure of the automorphism group of a C * -algebra A, where A is in a class of C * -algebras C in which every C * -algebra in C is classified via K-theory. In particular, we will study the structure of the automorphism group of a C * -algebra A arising from a dynamical system. This class of C * -algebras includes the irrational rotation algebras, the C * -algebras considered by Giordano, Putnam, and Skau, the simple Cuntz-Krieger algebras, and the simple noncommutative tori.
Set Inn(A) to be the group of approximately inner automorphisms of A (equip with the topology of pointwise convergence) and Inn 0 (A) to be closure of the group of inner automorphisms of A whose implementing unitaries is connected to 1 A via a continuous path of unitaries. For any groups G and H and for any u in G, denote the subgroup of H consisting of all elements h of H such that there exists a group homomorphism from G to H which sends u to h by H u (G, H). Theorem 3.1. Let A be a unital, separable, amenable, simple C * -algebra satisfying the Universal Coefficient Theorem of Rosenberg and Schochet [28] . If A is either a purely infinite C * -algebra or a tracially AI algebra, then A satisfies Property (C).
Consequently,

Inn(A) Inn 0 (A)
is a totally disconnected topological group. We also give criterions for when
is a discrete group, compact group, or locally group.
Our results generalize the results of Elliott and Rørdam in [7] . In their paper, Elliott and Rørdam showed that
is a totally disconnected group whenever A is a unital, simple, AT algebra with real rank zero. Elliott and Rørdam showed that is isomorphic (as a topological group) to the inverse limit of the discrete groups K 1 (A)/nK 1 (A), where n belongs to a directed set of positive integers that divide [1 A ] in K 0 (A). It turns out that there are examples in which the inverse limit of discrete groups introduced by Elliott and Rørdam is not isomorphic to the inverse limit of discrete groups introduced in this paper. Take for example, K 0 (A) = Z/nZ and K 1 (A) = Z. Then, the inverse limit of Elliott and Rørdam is a torsion group and the inverse limit considered in this paper is isomorphic to Z, given the discrete topology.
We apply our results to the transformation group C * -algebra associated to a minimal Furstenberg transformation with a unique invariant probability measure. More precisely, define h n from T n to T n to be the inverse of the homeomorphism (ζ 1 , ζ 2 , . . . , ζ n ) → (e 2πiθ ζ 1 , f 1 (ζ 1 )ζ 2 , f 2 (ζ 1 , ζ 2 )ζ 3 , . . . , f n−1 (ζ 1 , . . . , ζ n−1 )ζ n ).
where each f i is a continuous function from T i to T. If each f i is Lipschitz, then Furstenberg in [10] showed that (T n , h n ) is minimal and has a unique h n -invariant probability measure. Let A denote the transformation group C * -algebra associated to (T n , h n ). [28] . Moreover, Aut(A) fits into the following short exact sequence:
Theorem 4.5. If A is as above, then A is a separable, unital, amenable, simple, tracially AF algebra which satisfies the Universal Coefficient Theorem of Rosenberg and Schochet
{1} → Inn(A) → Aut(A) → Aut(K(A)) +,1 → {0}.
and Inn(A) = Inn 0 (A). Consequently, Inn(A) is a simple topological group.
The paper is organized as follows. In Section 2, we define Property (C) and show that if A is a unital, separable C * -algebra satisfying Property (C),
is a totally disconnected group (see Theorem 2.6). If, in addition, the canonical map from U(A)/U 0 (A) to K 1 (A) is an isomorphism, then
is isomorphic (as a topological group) to an inverse limit of discrete abelian groups. Section 3 is devoted to showing that A satisfies Property (C) whenever A is a unital, separable, amenable, simple C * -algebra satisfying the Universal Coefficient Theorem, and A is either a purely infinite C * -algebra or a tracially AI algebra (Theorem 3.1). In the last section, we apply our results to study the automorphism group of A, where A is the transformation group C * -algebra associated to a minimal Furstenberg transformation h with a unique h-invariant measure on T n . We also give an explicit description of Aut(K(A)) +,1 when n is equal to 2.
The closure of the group of inner automorphisms
We will use the following conventions throughout the paper.
(1) Let A be a separable C * -algebra. A is said to satisfy the Universal Coefficient Theorem if for any σ-unital C * -algebra B, the sequence 0 → Ext 
Z (G, H).
Let A be a C * -algebra that satisfies the Universal Coefficient Theorem and let B be a σ-unital C * -algebra. Then set [27] ). We will also denote KL 0 (A, B) by KL(A, B). Since A satisfies the Universal Coefficient Theorem, the following are exact sequences:
(3) Let A be a unital C * -algebra. Denote the tracial state space of A by T (A). The space of all affine continuous map from T (A) to R will be denoted by Aff(T (A)). For every projection p in M n (A), define f p in Aff(T (A)) to be the function which sends τ in T (A) to τ (p). The map from K 0 (A) to Aff(T (A)) which sends [p] to the map f p will be denoted by ρ A . (4) Let G and H be groups and let g be an element of G. Then H g (G, H) will denote the subgroup of H consisting of all elements h of H such that there exists a homomorphism α from G to H with α(g) = h. If
, and Q(B) satisfies a certain infinite property, then Lin showed in [18] that two unital essential extension τ 1 and τ 2 from A to Q(B) that are unitarily equivalent are strongly unitarily equivalent if and only if the implement unitary can be chosen to be in
We will now explain the notation used in Lemma 2.1 below and in the process prove Lemma 2.1.
Let A be a separable unital C * -algebra and let {G n } ∞ n=1 be an increasing sequence of finitely generated subgroups of [ 
By the choice of {G n } ∞ n=1 , there exists a sequence of surjections
which gives an inverse limit group
.
with the discrete topology and give the inverse limit group the natural inverse limit topology. Denote the natural projection
by π n . Then a sequence {x k } ∞ k=1 converges to x in the inverse limit if and only if the sequence {π n (x k )} ∞ k=1 converges to π n (x) in
for all n in N if and only if for all n in N, there exists
Since the quotient maps from K 1 (A) to
commute with the surjections in the inverse limit, they lift to a map
byǧ.
From the above paragraphs, we have the follow result. 
is a sequence in
Recall that Inn(A) is the closure of {Ad(u) : u ∈ U(A)} under the topology induced by pointwise convergence and Inn 0 (A) is the normal subgroup of Inn(A) which is the closure of {Ad(u) : u ∈ U 0 (A)}. Thus, there exists a homomorphism from U(A)/U 0 (A) to
is given the quotient topology, then
is a complete topological group.
For every g in U(A)/U 0 (A), denote the image of g in
in the above diagram byĝ.
We will show that there exists a continuous homomorphism from
for any increasing sequence {G n } ∞ n=1 of finitely generated subgroup of K 0 (A) with each G n containing [1 A ] and whose union is equal to K 0 (A). In order to prove this, we first need the following result. The proof of the lemma which is similar to Lemma 4.2 of [7] . In fact, the proof carries over to our case. Since our statement is slightly different we prove it here.
if and only if there exists a sequence of unitaries {u
Proof. The density of the image of U(A)/U 0 (A) follows from Diagram (2.1). Now note that the sequence { g k } ∞ k=1 converges to zero in . Let α k be a lifting
converges to id A in Inn(A) and let w k be an element of U(A) which is a lifting of g k . Since Ad(w k ) is a lifting of g k and α k is a lifting of g k , we have that α k = β k Ad(w k ) and β k is an element of Inn 0 (A). Since the image of U 0 (A) via the map Ad is dense in Inn 0 (A) and the topological group Inn 0 (A) is first countable, there exists a sequence of unitaries
Suppose there exists a sequence of unitaries
Then it easy to see that Ad(u k ) is a lifting of g k and the sequence {Ad(u k )} ∞ k=1
converges to id A in Inn(A).
We will also need the following fact from group theory. Since we have not been able to find a reference to the result below, for the convenience of the reader, we prove it here. 
is locally trivial, i.e. restricting the above short exact sequence to any finitely generated subgroup of
Gn the short exact sequence obtained by this process is a split exact sequence.
Proof. Note that it is enough to show that for every x in H with finite order k, there exists y in ∞ n=1 G n such that ky = 0 and α(x) = ǫ(y). Let x be an element of H with finite order k. Note that kα(x) = 0. Take any lifting a = {a n } ∞ n=1 of α(x). Since kα(x) = 0, we have that ka is an element of ∞ n=1 G n . Hence, there exists n 0 such that for all n greater than n 0 , we have that ka n = 0. Define y = {y n } ∞ n=1 in ∞ n=1 G n by y n = 0 if n is less than or equal to n 0 and y n = a n if n is greater than n 0 . Then ky = 0 and ǫ(y) = α(x).
Let A be a unital C * -algebra. For notational convenience, for every element g of U(A)/U 0 (A) we will again denote the image of g under the canonical map from U(A)/U 0 (A) to K 1 (A) by g.
be an increasing sequence of finitely generated subgroups of K 0 (A) whose union is K 0 (A) and for each n, G n contains [1 A ]. Then the map µ which sendsĝ toǧ extends uniquely to a continuous group homomorphism from
. We will denote this extension by µ.
Proof. Note that the topological groups
and lim
are complete. Therefore, by Lemma 2.2
is the completion of the image of U(A)/U 0 (A) and by Lemma 2.1, lim
is the completion of the image of K 1 (A). Hence, to prove the theorem it is enough to show that for every sequence
. By Lemma 2.2, there exists a sequence of unitaries
Denote the C * -direct product of infinite copies of A by ℓ ∞ (A) and denote the ideal of ℓ ∞ (A) consisting of all sequences {x k } ∞ k=1 in ℓ ∞ (A) which approaches to zero by c 0 (A). Denote the quotient of ℓ ∞ (A) with c 0 (A) by q ∞ (A) and denote the quotient map from ℓ
Since lim k→∞ u k a − au k = 0 for all a, we have that ϕ is a unital * -homomorphism.
Note that in the diagram
/ / 0 the rows are exact and the middle vertical map is define by
Hence, by composing K 1 (ϕ) with the vertical map in the third column of the above diagram, we get a homomorphism α from
Note that there exists a homomorphism β from
. The uniqueness of µ is clear.
If A is a unital separable C * -algebra satisfying Property (C) (defined below), then we will show that µ (see Theorem 2.4) is an injective map between topological groups. Note that for every finitely generated subgroup 
is injective.
Consequently,
is totally disconnected.
Proof. Note that to prove the theorem it is enough to show that for every sequence
if and only if the sequence {ǧ k } ∞ k=1 converges to zero in lim
By Theorem 2.4, the only if direction holds since µ is continuous.
. By Lemma
be an increasing sequence of finite subsets of A whose union is dense in A. We will show that there exist a sequence of unitaries {u k } ∞ k=1 in A and a strictly increasing sequence of positive integers {k(m)}
For each m, let H m be the finitely generated subgroup of K 0 (A) given in Definition 2.5 corresponding to F m and
is an increasing sequence of finitely generated subgroup of K 0 (A) whose union is K 0 (A), there exists a strictly increasing sequence {n(m)} ∞ m=1 of positive integers such that H m is a subgroup of G n(m) . Since {ǧ k } ∞ k=1 converges to zero in lim
there exists a strictly increase sequence of positive integers {k(m)}
converges to zero in
The last part of the theorem is clear since lim
Theorem 2.7. Let A be a unital, separable C * -algebra satisfying Property (C). Suppose the natural map from
of finitely generated subgroups of K 0 (A) whose union is K 0 (A) and each G n contains [1 A ], the topological groups
are isomorphic.
Moreover, if there exists an increasing sequence
Proof. Since the natural map from U(A)/U 0 (A) to K 1 (A) is an isomorphism, we have the following commutative diagram:
Therefore, the image of K 1 (A) is dense in the complete topological group
. By Lemma 2.1, lim
is the completion of the image of
. Hence, we have that the map µ from
defined in Theorem 2.4 is surjective. Therefore, by Theorem 2.6, µ is an isomorphism.
Corollary 2.8. Let A be a separable, unital C * -algebra that satisfies Property (C). Suppose the natural map from
is compact if and only if for every finitely generated subgroup
is a finite group.
is locally compact if and only if there exists a finitely generated
is discrete if and only if there exists a finitely generated subgroup
Consequently,
is isomorphic to
. Also, if
is not discrete, then it has no isoloted points.
Proof. It is easy seen that each of statement is true for the inverse limit
since the collection of subsets π
is a basis of closed open sets for its topology. Therefore, the results of the corollary follows from Theorem 2.7.
C * -algebras satisfying Property (C)
The propose of this section is to prove the following theorem: 
algebra or a tracially AI algebra, then A satisfies Property (C).
The above theorem will be a consequence of the following theorem: 
Let us use Theorem 3.2 to prove Theorem 3.1. We will first need the following well-known lemma (see Lemma 4.1.1 of [13] ). 
Note that if ǫ is strictly less than 1 2 and w is another unitary in A such that
Hence, in Theorem 3.2 with ǫ stricitly less than 1 2 , we have that
Proof of Theorem 3.1. Let ǫ be in R >0 and F be a finite subset of A. Note that we may assume that ǫ is strictly less than 1 2 and F is a finite subset of the unit ball of A. Let δ in R >0 be the positive number provided by Lemma 3.3 corresponding to ǫ 6 . Note that we may assume that δ is strictly less than 
By the choice of δ and by Lemma 3.3, there exists a unitary v 0 in A such that
and hence, by Proposition 3.8 if A is a tracially AI algebra and by Theorem 1.9 of [2] if A is a purely infinite simple
In order to prove Theorem 3.2, we first develop some notation that will be used through the rest of this section. Let A be a unital C * -algebra and let C n be the mapping cone of the degree n map on C 0 (R). The set of all projections and unitaries in M m ( A ⊗ C n ) will be denoted by P(A). Denote the total K-theory of B defined in [4] by K(B). For any finite subset P of P(A), there exist a finite subset G(P) of A and δ(P) is R >0 such that if B is any C * -algebra and L is a contractive, completely positive, linear map from A to B which is
, where P is the image of P in K(A). By enlarging G(P) and chosing a smaller δ(P), if necessary, K(L)| P is defined on the subgroup generated by P.
Suppose A satisfies the Universal Coefficient Theorem. Then, by Theorem 1.4 of [5] , KL(A, B) is naturally isomorphic to Hom Λ (K(A), K(B)) and under this isomorphism KL(ϕ) is precisely K(ϕ) for any * -homomorphism ϕ from A and B. In the sequel, we will make this identification without further mention.
We will also need the following lemma. 
Proof. Throughout the proof a × b will denote the Kasparov product of a and b. Note that the sequence
is a split exact sequence, where the splitting map is given by
Since A satisfies the Universal Coefficient Theorem, A ⊗ C(S 1 ) satisfies the Universal Coefficient Theorem. Hence, there exists ξ in KL(A⊗C(S 1 ), B) such that Γ(ξ) i = γ i . Therefore, ϕ−KL(ι)×ξ is an element of ext
Suppose ϕ − KL(ι) × ξ is represented by the following exact sequences:
is exact for i = 0, 1, which represents an element δ of ext
3.1. Proof of Theorem 3.2: The Purely Infinite Case. Let us recall the following result which is an easy consequence of the results of Kirchberg [12] , Phillips [23] , and Elliott and Rørdam [8] and [27] . (A n , φ n,n+1 ) where each A n is a unital, separable, amenable, purely infinite simple C * -algebra with finitely generated K-theory and satisfies the Universal Coefficient Theorem and each ϕ n,n+1 is unital. Hence, there exists a sub-C * -algebra B of A and a finite subset F B of B such that (i) B is a separable, unital, amenable, purely infinite simple C * -algebra satisfying the Universal Coefficient Theorem; (ii) 1 B = 1 A ; (iii) K * (B) is finitely generated; and (iv) every element of F is within
of an element of F B .
Denote the inclusion of
. By Theorem 6.7 of [16] , there exists a unital injective * -homomorphism β from B ⊗ C(S 1 ) to A such that K(β) = α. By Theorem 6.7 of [16] , there exists a unitary w in A such that
Since B ⊗ C(S 1 ) is an amenable sub-C * -algebra of A ⊗ C(S 1 ), there exists a unital, contractive, completely positive, linear map Φ from
for all a in F .
Proof of Theorem 3.2:
The tracially AI case. Let us recall the definition of a tracially AI algebra due to Lin [17] .
Definition 3.6. Let I be the class of all unital C * -algebras with the form
A unital C * -algebra A is said to be tracially AI if for any finite subset F of A containing a nonzero element b, ǫ in R >0 , a positive integer n, and any positive element a of A which is not contained in any proper ideal of A, there exists a nonzero projection p in A and a sub-C * -algebra I of A with I in I and 1 I = p satisfying the following properties:
(1) px − xp < ǫ for all x in F ; (2) for every x in F , we have that pxp is to within ǫ of an element of I and pbp ≥ b − ǫ; and (3) n(1 A − p) is Murray-von Neumann equivalent to a sub-projection of p and 1 A − p is Murray-von Neumann equivalent to a projection in aAa. A non-unital C * -algebra A is said to be tracially AI if A is a tracially AI algebra.
By Theorem 4.10 of [17] , if A is simple, condition (3) can replaced by (3a) 1 A − p is unitarily equivalent to a projection in eAe for any previously given nonzero projection e in A If A has the Fundamental Comparability Property (see [1] ), condition (3) can be replaced by (3b) τ (1 A − p) < σ for any prescribed σ in R >0 and for all normalized quasi-traces of A.
A C * -algebra A is said to be a tracially AF algebra if the class of sub-C * -algebras I in the definition of a tracially AI algebra is replaced by the class of all finite dimensional C * -algebras.
We will first show that the canonical map from U(A)/U 0 (A) to K 1 (A) is an isomorphism from simple, unital, tracially AI algebras. We thank Zhuang Niu for this argument. Proof. Since u − v < 2, we have that −1 is not in the spectrum of v * u. Therefore, there exists a real valued continuous function φ on the spectrum of v * u such that z = exp(iφ(z)) for all z in the spectrum of v * u. Set h = φ(v * u) which is a self-adjoint element of A. Note that v * u = exp(ih). Now set w 0 (t) = exp(ith). Then w 0 (t) is a continuous path of unitaries in A such that w 0 (0) = 1 A and w 0 (1) = v * u. Since p commutes with u and v, we have that p commutes with h. Hence, p commutes with w 0 (t) for all t. Set w(t) = vw 0 (t). Then w(t) is a continuous path of unitaries in A such that w(0) = v, w(1) = u, and p commutes with w(t) for all t in [0, 1].
Suppose pup and pvp are in a unital sub-C * -algebra B of pAp. Then one has that php = φ((pv * p)(pup))
which is an element of B. Hence,
which is an element of B. diag(u, 1 A , . . . , 1 A ) to diag(1 A , . . . , 1 A ) . Then there exists a partition 0 = t 1 < t 2 < · · · < t s = 1 of [0, 1] such that
Note that by Theorem 3.2 of [17] , every nonzero hereditary sub-C * -algebra of A contains a nonzero projection. Therefore, there are n+1 mutually orthogonal projections q 1 , . . . , q n+1 in A which is Murray-von Neumann equivalent to each other (see Lemma 3.5.7 of [13] ). Now since A is a simple, tracially AI algebra we may assume that there exists a sub-C * -algebra C in I with 0 = p = 1 C such that
and W 2 (t k ) i,j an element of C for each 0 ≤ k ≤ s and 1 ≤ i, j ≤ n + 1, and 1 A − p is Murray-von Neumann equivalent to a subprojection of q 1 . Moreover, one can assume that
. By Lemma 3.7, there exists a continuous path of unitaries w k (t) between W (t k ) and W (t k+1 ) for each 0 ≤ k ≤ s − 1 and w k commutes with
is a continuous path of unitaries in M n+1 (C) which connects (W 2 (t k ) i,j ) and (W 2 (t k+1 ) i,j ). By patching these continuous paths of unitaries together, we get a continuous path of unitaries w(t) such that Qw(t)Q is a continuous path of unitaries in
is a continuous path of unitaries in M n+1 (C) which connects the unitary
p).
Therefore, the unitary W 2 (t 0 ) 1,1 is zero in K 1 (C). Since the canonical map from U(C)/U 0 (C) to K 1 (C) is injective, we have that W 2 (t 0 ) 1,1 is in U 0 (C).
Recall that 1 A − p is Murray-von Neumann equivalent to a subprojection of q 1 and the mutually orthogonal projections q 1 , . . . , q n+1 are Murray-von Neumann equivalent to each other. Since A has stable rank one, there are partial isometries v 1 = 1 A − p, v 2 , . . . , v n+1 such that the source projections are equal to 1 A − p and the range projections are mutually orthogonal. Set
as an element of M 1,n+1 (A). It is easy to check that V * V = Q. Then
is a continuous path of unitaries in A. Note that
Therefore, W 1 (t 0 ) 1,1 + p is connected to 1 A by a continuous path of unitaries in A.
Since W 2 (t 0 ) 1,1 is connected to p = 1 C by a continuous path of unitaries in C, one has that u is connected to c(0) = W 1 (t 0 ) 1,1 + p by a continuous path of unitaries in A, and hence u is connected to 1 A by a continuous path of unitaries in A. 
Proof. Note that without loss of generality, we may assume that F is contained in the unit ball of A ⊗ C(S 1 ). We also may assume that 1 A ⊗ z and 1 A ⊗ z * are in F and ǫ is strictly less than one. Set
. Therefore, we can take ψ to be the natural projection from A ⊗ C(S 1 ) to A.
Suppose A is infinite dimensional. By Theorem 10.9 and Theorem 10.1 of [17] , A is isomorphic to lim
with each X [n,i] a connected finite CW-complex and φ n,n+1 is unital and injective. So we may assume that A is this direct limit decomposition. By [15] and [17] , there exists a unital, separable, simple AH algebra B such that B is a tracially AF algebra and
Denote the above isomorphism by β. Since A satisfies the Universal Coefficient Theorem, β lifts to an isomorphism from K(A) to K(B). By an abuse of notation, we denote this lifting by β.
Denote the natural embedding of
) and since K(·) is a continuous functor with respect to direct limits, there exist n 0 in N, finite subset P n 0 of P(A n 0 ), finite subset Q n 0 of P(A n 0 ⊗ C(S 1 )) containing ι An 0 (P n 0 ), and a finite subset F n 0 of A n 0 ⊗ C(S 1 ) such that (1) for each p in P, there exists e p in P n 0 such that
to an element of (φ n 0 ,∞ ⊗ id C(S 1 ) )(F n 0 ).
By Theorem 6.2.9 of [13] , there exists a sequence of contractive, completely positive, linear maps
, by a small perturbation we may assume that L n 0 ,k is unital for all k. Since A n 0 ⊗ C(S 1 ) is amenable, there exists a sequence of contractive, completely positive, linear maps
. Then an easy computation shows that
,
for all x and y in (φ n 0 ,∞ ⊗ id C(S 1 ) )(A n 0 ⊗ C(S 1 )), we have that for all x and y in B and
, and φ(xy) − φ(x)φ(y) < ǫ for all x and y in F .
We next show that the contractive, completely positive, linear map obtained in the above lemma can be perturbed in such a way that the contractive, completely positive, linear map obtained by this small perturbation is "close" to id A on the tracial state space of A. 
Proof. Let δ and G be the quantities given in Lemma 3.9 corresponding to
be an increasing sequence of finite subset of A whose union is dense in A. Note that we may assume that δ < ǫ 2 . Now, for each n, there exist a projection p n in A, a sub- . Let P 1 be a finite subset of P(A ⊗ C(S 1 )) such that P 1 contains
. Choose a finite subset X 2 of A ⊗ C(S 1 ) such that X 2 contains ι(F 1 ) ∪ F 2 and the set
Let G be the finitely generated subgroup of K 0 (A) in Lemma 3.10 which corresponds to 1 2 n , P, and
Then by Lemma 3.10, there exists a contractive, completely positive, linear
τ | Dn . Using the same argument as in Proposition 9.7 of [17] , we get a * -homomorphism h from D n to q n Aq n such that
Hence, ψ 0 is X 2 -δ-multiplicative. By construction, we have that
By Lemma 3.9, there exists a contractive, completely positive, linear map
) is a projection in A, and
Since A has stable rank one, there exists a unitary w in A such that wβ(1 A⊗C(S 1 ) )w * = 1 A . Set ψ = Ad(w)•β. It is easy to check that ψ is the desired unital, completely positive, linear map from A ⊗ C(S 1 ) to A.
Let A be a unital C * -algebra. Suppose that p is a projection in A, a is an element of A with a ≤ 1, and a * a − p < 1 16 and aa * − p < 1 16 .
A standard computation shows that pap − ap < 3 16 and pa − pap < 3 16 .
Also pa − a < 1 2
. Set b = pap. Then
where the inverse is taken in pAp.
We denote v byã. Note that if v 1 is another unitary in pAp with
Suppose that L from A to B is a G-δ-multiplicative, contractive, completely positive, linear map, u is a normal partial isometry, and a projection p in B is given so that
We defineL as follows. Let L(u) = a. With δ chosen to be sufficiently small and G chosen to be sufficiently large, we denote byL(u) the normal partial isometry (unitary in a corner) v =ã defined above. This notation will be used later. Note also, if u in U 0 (A), then with sufficiently large G and sufficiently small δ, we may assume thatL(u) is an element of U 0 (B). Let φ from [0, a] to X be a continuous map, where X is a normed space.
If A is a unital C * -algebra and u is an element of U(A) 0 , then cel(u) is defined to be
Definition 3.12. Let A be a unital C * -algebra. Let CU(A) be the closure of the commutator subgroup of U(A). Clearly, that the commutator subgroup forms a normal subgroup of U(A). Also note that U(A)/CU(A) is commutative. If the natural map from U(A)/U 0 (A) to K 1 (A) is injective, then CU(A) is a normal subgroup of U 0 (A). If u is an element of U(A), we will denote the image of u in U(A)/CU(A) byū, and if F is a subgroup of U(A), thenF will denote the image of F in U(A)/CU(A).
Ifū andv are elements of U(A)/CU(A), define dist(ū,v) = inf { x − y : x, y ∈ U(A) such thatx =ū,ȳ =v} .
If u and v are elements of
, where a i and b i are elements of U(A). Let G be a finite subset of A, δ in R >0 , and L from A to B be a G-δ-multiplicative, contractive, completely positive, linear map, where B is a unital C * -algebra. From the paragraphs before the definition, for ǫ in R >0 if G is sufficiently large and δ is sufficiently small,
where x i and y i are in U(B). Thus, for any g in CU(A), with sufficiently large G and sufficiently small δ, L(g) − u < ǫ for some u in CU(B). Moreover, for any finite subset U of U(B) and subgroup F of U(B) generated by U, and ǫ in R >0 , there exist a finite subset G and δ in R >0 such that, for any G-δ-multiplicative, contractive, completely positive,
We are now ready to prove Theorem 3.2 in the tracially AI case. The proof follows the same line of argument as in the proof of Theorem 10.4 of [17] . Proof of Theorem 3.2: The tracially AI case Let ǫ be an element of R >0 and F be a finite subset of A. Suppose A is a finite dimensional simple tracially AI algebra. Then A = M n . Let G = K 0 (A) = Z. Since K 1 (A) = 0, we can take Φ to be the canonical projection of A ⊗ C(S 1 ) to A and w = 1 A . Then
Suppose A is an infinite dimensional C * -algebra. By Lemma 10.9 and Theorem 10.10 of [17] , A is isomorphic to lim
is as described in Theorem 10.1 of [17] such that φ n,m , φ n,∞ and K * (φ n,m ) are injective maps for all m > n. For notational convenience, we may identify A n with φ n,n+1 (A n ). We will use this identification without further warning.
Define L from U(A) to R ≥0 as follows: if u is an element of U 0 (A), then L(u) = 2cel(u) + 8π + . Note that we may assume that ǫ is less than
. Given A, L, ǫ, and F , Theorem 8.6 of [17] provides us with an element δ 1 of R >0 , an element n of N, a subset finite P of P(A), and a finite subset S of A. Theorem 8.6 of [17] also provides us with mutually orthogonal projections q, p 1 , . . . , p n such that for each i, we have that q is Murray-von Neumann equivalent to a subprojection of p i and p i is Murray-von Neumann equivalent to p 1 and there exist a sub-C * -algebra C 1 in I with 1 C 1 = p 1 and unital, contractive, completely positive, linear maps h 0 from A to qAq and h 1 from A to C 1 such that
(1) h 0 and h 1 are S-
-multiplicative; (2) h 0 (x) = qxq; and
for all x in S.
Set C = M n (C 1 ) which is identified as a sub-C * -algebra of (1 A − q)A(1 A − q). With this choice of C 1 , Theorem 8.6 of [17] provides us with a finite subset G 0 of A, a finite subset P 0 of projections in M N (C), a finite subset H of A s.a. , elements δ 0 and σ of R >0 . Set δ equal to the minimum of δ 0 and δ 1 .
Note that we may assume that P 0 contains 1 A − q and contains at least one minimal projection of each summand of C. We also may assume that for each u in U(A) ∩ P, u has the form quq ⊕ (1 A − q)u(1 A − q) where quq is a unitary in qAq and (1 A − q)u(1 A − q) is a unitary in C. Note that there exists n 0 in N and a projection q 0 in A n 0 such that φ n 0 ,∞ (q 0 ) is unitarily equivalent to q via a unitary v in the connected component of the identity. Hence, by conjugating φ n,∞ by Ad(v), we may assume that φ n 0 ,∞ (q 0 ) = q. Also, we may assume that quq is in φ n 0 ,∞ (A n 0 ). Set U = {quq : u ∈ U(A) ∩ P}. The subgroup of U(qAq) generated by U will be denoted by F and F will denote the image of F in U(qAq)/CU(qAq). By Theorem 6.6(3) of [17] , F = F ∩ (U 0 (qAq)/CU(qAq)) ⊕ F 0 ⊕ F 1 , where F 0 is a torsion group and F 1 is a free group. If κ denotes the homomorphism from U(qAq)/CU(qAq) to K 1 (qAq), then κ(F 1 ) is isomorphic to F 1 .
Suppose U has the following decomposition:
such that U 0 generates F ∩ (U 0 (qAq)/CU(qAq)) ⊕ F 0 and U 1 generates F 1 . It turns out that we can reduce the general case to this case since by Lemma 6.9 of [17] , modulo unitaries in CU(qAq), this decomposition can be made with the cost of no more than 8π in the estimation of the exponential length. Also, choosing a larger n 0 if necessary, we may assume that U 0 and U 1 are subsets of
, Lemma 3.11 provides us with a finitely generated subgroup G of K 1 (A) ). By Lemma 3.11, there exists a unital, completely positive, linear map ψ from A⊗C(S 1 ) to A such that ψ is ι(S ∪G 0 ∪F )∪{1 A ⊗z, 1 A ⊗z * }-δ 2 -multiplicative and
Since A n and A are separable, amenable C * -algebras and A = lim −→ (A n , φ n,n+1 ), there exists a sequence of unital, completely positive, linear maps {µ n : A → A n } ∞ n=1 such that lim n→∞ µ n (xy) − µ n (x)µ n (y) = 0 for all x and y in A and (φ n,∞ • µ n )(a) − a = 0 for all a in A. Therefore we may choose n 1 ≥ n 0 such that
Let B 1 = qA n 1 q. Since A is simple, it is known and easy to see that, by choosing possibly a large n 1 , we may assume that the rank of q at each point is at least 6 (in A n 1 ). Note that we have assumed that q is an element of A n 1 . So B 1 is a corner of A n 1 . By construction and the fact that each K * (φ n,∞ ) is injective, we have that
. By conjugating µ n 1 • ψ • ι by some unitary w if necessary, we may assume that
has the form C (k) as described in Definition 7.1 of [17] . According to this direct sum decomposition, we may write q = q 1 ⊕ q 2 ⊕ · · · ⊕ q l with 0 ≤ l ≤ m and q k = 0, for 1 ≤ k ≤ l.
Note that we may assume that q k has rank at least 6. By applying an inner automorphism, we may assume that ⊕ l k=1 A [n(k),n 1 ] is a hereditary sub-C * -algebra of M N 1 (B 1 ). Since F 1 is finitely generated, with sufficiently large n 1 , we obtain (see Definition 6.2 of [17] ) a homomorphism j fromF 1 to U(B 1 )/CU(B 1 ) such that φ ‡ n 1
• j = idF 1 , where φ n 1 = φ n 1 ,∞ . Then (since the canonical map from
where κ 1 from U(qAq)/CU(qAq) to K 1 (qAq) is the quotient map. Note that
) as described in Lemma 7.5 of [17] . We may assume that ∆ < . To simplify notation, without loss of generality, we may assume that φ n 1 (q) = q. By the assumption on A, we may write that It follows from Lemma 7.5 of [17] that there exists a * -homomorphism h from B 1 to e 0 Ae 0 such that
where g w is an element of U 0 (qAq) and cel(g w ) < ǫ 4 (in U(qAq)) for all w in U 1 . Recall that we have assumed that A n 1 is a sub-C * -algebra of M N 1 (B 1 ). Set
for all a in A. (4) for all w in U 1 , by (ii) we have that cel(w * (Φ • ι)(w)) < 8π + ǫ 2 in U(qAq); and (5) for w in U 0 , by Lemma 6.8, Theorem 6.10, and Lemma 6.9 of [17] we have that
Therefore, even after we add 8π for the decomposition of F as in (3.1), we get
for all u in U(A) ∩ P. Since we also have that
for all a in H, we can apply Theorem 8.6 of [17] to Φ • ι and id A to get a unitary w in A such that
for all a in F . Note that Φ is a unital, contractive, completely positive, linear map such that Φ is ι(F )∪{1 A ⊗z, 1 A ⊗z * }-ǫ-multiplicative and
Remark 3.13. If, in the above theorem, we assumed that A is tracially AF or A is tracially AI with K 1 (A) a torsion group, then the proof of the above theorem would be much easier. In these two cases, total K-theory and traces are enough to determine when two almost multiplicative linear map are approximately unitarily equivalent (see Theorem 6.3.3 of [13] and Theorem 8.7 of [17] ). Hence, one does not need to control the exponential length, so the proof is much easier and shorter.
4. The automorphism group a simple C * -algebra
For any C * -algebra A, we will denote the subgroup of Hom Λ (K(A), K(A)) consisting of all elements α such that α is an isomorphism which sends [ of finitely generated subgroup of
Proof. By Theorem 6.7 of [16] for the purely infinite case and by Theorem 6.3.3 of [13] for the tracially AF case, 0 → Inn(A) → Aut(A) → Aut Λ (K(A)) +,1 is exact. We will now show that every element of Aut Λ (K(A)) +,1 lifts to an automorphism. Suppose α is an element of Aut Λ (K(A)) +,1 . By Theorem 1.1 of [3] (in the tracially AF case) and by Theorem 6.7 of [16] (in the purely infinite case), there exist unital * -homomorphisms γ and β from A to A such that γ induces α and β induces α −1 . Let {F n } ∞ n=1 be an increasing sequence of finite subsets of A whose union is dense in A. By Theorem 6.3.3 of [13] (for the tracially AF case) and by Theorem 6.7 of [16] (for the purely infinite simple case), there exists a sequence of unitaries {w n } ∞ n=1 in A such that
for all x in F n , where γ n = Ad(w 2n ) • γ with γ 0 = γ and β n = Ad(w 2n+1 ) • β. So we have a two-sided approximately intertwining diagram
· · · A Therefore, we have an automorphism φ from A to A which induces α. By Corollary 2.5 of [7] , Inn 0 (A) is a simple topological group and by Theorem 2.7 and Theorem 3.1,
is a totally disconnected abelian topological group. The last statement of the theorem follows from Theorem 2.7 and Theorem 3.1.
Theorem 4.2. Let X be an infinite compact metric space with finite covering dimension and let α be a minimal homeomorphism of X. Denote the transformation group C * -algebra associated to (X, α) by 
is a totally disconnect abelian topological group; and (4) The following sequence is exact:
Proof.
(1) follows from Theorem 4.6 of [21] . (2) follows from (1) and Corollary 2.5 of [7] . (3) follows from (1), Theorem 3.1, and Theorem 2.6. (4) follows from (1) and Theorem 4.1.
We will now show that a large class of C * -algebras arising from minimal homeomorphisms of T n satisfies the assumptions of Theorem 4.2.
Definition 4.3. Let θ be an irrational number, f k be a continuous function from T k to R, and {d ij ∈ Z ≥0 : i, j} be a subset of Z ≥0 . Define h n from T n to T n to be the inverse of the homeomorphism
2 ζ 3 , . . . ). The homeomorphism h n will be called a n-dimensional Furstenberg transformation. If d i,i+1 is nonzero for all i, then by Theorem 2.1 of [10] , the dynamical system (T n , h n ) is minimal. This implies that the transformation group C * -algebra associated to (T n , h n ) is simple. Also, if each f i satisfies a certain Lipschitz property, then Furstenberg in [10] proved that (T n , h n ) has a unique h n -invariant probability measure on T n . This implies that the transformation group C * -algebra associated to (T n , h n ) is simple with a unique tracial state.
Proposition 4.4. Consider the dynamical system (T n , h n ), where h n is a n-dimensional Furstenberg transformation. Set A n to be the transformation group C * -algebra associated to (T n , h n ). Suppose (T n , h n ) is minimal with a unique h n -invariant probability measure on T n . Then the image of K 0 (A n ) under the map ρ An is dense in Aff(T (A n )).
Proof. We follow the computation given in Example 4.9 of [24] . Define α from
By the Pimsner-Voiculescu exact sequence [25] , the following sequence
is exact. Let z be the unitary in C(T) which sends ζ to ζ. Then K 1 (C(T n )) is a finitely generated free abelian group with [z ⊗ 1 ⊗ · · · ⊗ 1] as one of the generators.
Note that α is homotopic to the * -homomorphism given by f → f • h
where G is a finitely generated torsion group and one of the generators of K 0 (A n ) is an element η 0 such that
. Let τ be the unique tracial state of A n . Then τ is induced by a unique h n -invariant probability measure µ on T n . We compute the image of η 0 under the map τ * from K 0 (A n ) to R. Combining Definition VI.8 and Theorem V.12 and VI.11 of [9] to get (notation explained afterwards)
. 
for all x in T n . With v = z −1 ⊗ 1 ⊗ · · · ⊗ 1 one can easily check that we may choose the function f to be the constant function 2πθ. Hence, exp(2πiτ * (η 0 )) = exp(2πiθ). Therefore, there exists k in Z such that τ * (η 0 ) = θ + k. Since
Theorem 4.5. Let (T n , h n ) be an n-dimensional Furstenberg transformation with a unique h n -invariant probability measure on T n . Let A n be the transformation group C * -algebra associated to (T n , h n ). Then Inn(A n ) = Inn 0 (A) and Aut(A n ) fits into the following exact sequence:
Consequently, Inn(A) is a simple topological group.
Proof. By Proposition 4.4 and Theorem 4.2, A n is a unital, separable, amenable, simple, tracially AF algebra. Hence, by Theorem 4.1, Aut(A n ) fits into the above short exact sequence. Note that K 0 (A n ) is a finitely generated abelian group. By Theorem 3.1 and Theorem 2.7,
By the results of [26] , we have that K 0 (A n ) is isomorphic to Z⊕G in which the isomorphism sends [1 An ] to (1, 0). Hence,
Therefore, Inn(A n ) = Inn 0 (A n ). Since A n is a unital, simple, tracially AF algebra, A n is a finite C * -algebra with real rank zero, has the cancellation property for projections, and K 0 (A n ) is weakly unperforated. By Corollary 2.5 of [7] , Inn 0 (A n ) is a simple topological group.
In the following example, we will consider a 2-dimensional Furstenberg transformation. In particular, we would like to give an explicit description of the group Aut(K(A 2 )) +,1 . 
The product of two elements is given by where k β 1 is the element of Z/dZ such that the projection of β 1 (0, 1) onto the Z/dZ is k β 1 . Therefore, Aut(A) fits into the following exact sequence:
We now discuss the the automorphism group of a simple, unital, AT algebra. Let A be a unital C * -algebra. Denote the canonical affine map from T (A) to the state space S(K 0 (A)) of K 0 (A) by r A . Suppose the canonical map from U(A)/U 0 (A) to K 1 (A) is surjective, then there is an embedding λ A : Aff(T (A))/ρ A (K 0 (A)) → U(A)/CU(A) which identifies Aff(T (A))/ρ A (K 0 (A)) with the connected component of the zero element in U(A)/CU(A) (see [22] ).
For a unital C * -algebra A, set is totally disconnected. By Theorem A of [22] , every element of Aut(I(A)) 1 lifts to a unital * -homomorphism and by Theorem B of [22] , two automorphisms φ and ψ of A are approximately unitarily equivalent if and only if I(φ) = I(ψ). By these facts and arguing as in Theorem 4.1, we get that an element of Aut(I(A)) 1 lifts to an automorphism of A. Hence, the sequence Aut(A) → Aut(I(A)) 1 → {1} is exact. By Theorem B of [22] , we have that the sequence {1} → Inn(A) → Aut(A) → Aut(I(A)) 1 is an exact sequence. It is now clear that the sequence in the theorem is exact.
There are lots of examples of C * -algebras arising from dynamical systems that are unital, simple, AT algebras. One example is the irrational rotation algebra. Other examples are given by Lin and Matui in [19] . We described their C * -algebras here. Let (X, α) be a dynamical system with X the Cantor set. For λ in T, denote the homeomorphism of T which sends ζ to λζ by R λ . Suppose ξ from X to T is a continuous function. The homeomorphism of X × T which sends (x, ζ) to (α(x), R ξ(x) (ζ)) will be denoted by α × R ξ . Lin and Matui in [19] proved that C * (Z, X × T, α × R ξ ) is a unital, simple, AT algebra whenever α × R ξ is minimal (see Theorem 4.3 of [19] ). In [20] , Lin and Matui (Lemma 4.2 of [20] ) showed that α × R ξ is minimal if and only if α in minimal and n[ξ] = 0 in C(X, T)/ {η − η • α −1 : η ∈ C(X, T)} for all n in N. Note that there exists a canonical factor map from (X × T, α × R ξ ) to (X, α). We say that α × R ξ is rigid if the canonical factor map from (X × T, α × R ξ ) to (X, α) induces an isomorphism between the sets of invariant probability measures. Theorem 4.3 of [19] states that if α × R ξ is a minimal homeomorphism, then C * (Z, X × T, α × R ξ ) is a unital, simple, AT algebra with real rank zero if and only if α × R ξ is rigid. They also showed that α × R ξ could be minimal but not rigid (see Remark 3.2 of [20] ). Question 4.8.
(1) Is Inn 0 (A) a simple topological group for all unital, simple, tracially AI algebra? (2) Is totally disconnected for all simple C * -algebras?
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